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We consider an evolution of two elementary quantum particles and ask the question: under what
conditions such a system behaves as a single object? It is obvious that if the attraction between
the particles is stronger than any other force acting on them the whole system behaves as one.
However, recent insight from the quantum information theory suggests that in bipartite systems it
is not attraction per se that is responsible for the composite nature, but the entanglement between
the parts. Since entanglement can be present between the subsystems that interacted in the past,
but do not interact anymore, it is natural to ask when such an entangled pair behaves as a single
object. We show that there are situations when entanglement is enough to observe single-particle
behaviour. However, due to the no-signalling condition, in general an interaction, or a post-selective
measurement, is necessary for a complex collective behaviour.
I. INTRODUCTION
Composite particles naturally arise in systems of in-
teracting elementary particles. However, recent studies
on composite quantum particles suggest that the phe-
nomenon of compositeness is not exactly due to the in-
teraction, but rather due to the entanglement that is
caused by the interaction [1]. Therefore, it is valid to
ask whether non-interacting entangled subsystems can
behave as a single stable quantum object.
Studies on compositeness in quantum regime should
take into account all the fundamental features of the the-
ory, such as the wave-particle duality. An elementary
quantum particle is also an elementary quantum wave.
Whether the system manifests a particle or a wave na-
ture depends on the choice of a physical property one
wants to observe. Similarly, a composite quantum object
should also exhibit the wave-particle duality. Therefore,
the compositeness of quantum systems should be studied
in two different types of experiments, the ones focusing
on the particle-like behaviour and the others focusing on
the wave-like one.
The problem of compositeness of multipartite quan-
tum systems is not new, but has been mostly studied in
scenarios for which there are natural intra-particle inter-
actions. However, our line of thought is rather related
to the studies on compositeness within quantum optics
[2–6] and quantum information theory [1, 7–29]. This
is because we focus on entanglement not on interaction.
The field of quantum optics deals with photons that do
not interact easily without a special mediator. On the
other hand, the quantum information theory studies fun-
damental properties of entanglement. Nevertheless, in
this work we also discuss effects known from solid state
∗ pawel.kurzynski@amu.edu.pl
and cold atom physics.
Although previous research on compositeness within
quantum optics and quantum information theory proved
that entanglement is necessary to observe various com-
posite effects, it was not clearly determined when entan-
glement is a sufficient condition to observe the composite
behaviour. In this work we show that the compositeness
due to entanglement alone is conditioned on the property
one wants to measure. We study three types of dynamics:
free-evolution, interference in the Mach-Zehnder-like in-
terferometer, and the Bloch oscillations on a lattice due
to external linear potential. Moreover, we investigate
how thermalization affects the stability of such a com-
posite particle. The unconditional composite nature of
entangled bipartite systems, i.e., the one that does not
require a special type of measurements, is exhibited only
in the first case. Finally, we observe that the origin of
this effect stems from a variant of the no-signalling con-
dition which states that interaction is needed whenever
the dynamics of one subsystem depends on the behaviour
of the other one.
II. WHAT IS A PARTICLE?
Let us start with a fundamental question that is rel-
evant for us. What is a particle? A particle is a lo-
calized object. Localization in space is its fundamental
property that distinguishes it from being a wave. An
additional property of a particle is its velocity, or mo-
mentum, which describes how its localization changes in
time. Apart from localization and velocity, a particle can
possess additional properties (such as charge, spin, etc.),
however in our discussion these additional properties do
not play any significant role. We focus on localization
and velocity.
What does it mean that particle is localized? Prac-
tically speaking, localization implies that whenever one
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2measures where the particle is, one finds that it can be
found in an exact position in space, or, in case of a parti-
cle that has some volume, one finds that it can be found
in some confined region. In other words, if one sets some
number of particle detectors in different regions in space,
a single particle will make only one of these detectors
click. Therefore, a single particle can be associated with
a single detector click.
What is a composite particle? Here, we provide some
basic definitions and assumptions. Firstly, since a single
particle corresponds to a single click, the simplest defi-
nition of a composite particle is a system that is known
to be made of more than one part, but still produces a
single detector click if one asks about its position. This
means that the constituents stay together (or close to
each other, which results in a non-zero volume of the
whole system).
In addition, it is intuitive to assume that a system
composed of many subsystems, in principle describable
by many parameters, behaves as a single particle if its
spatial state can be effectively described by only a few
parameters. Such situation naturally occurs in the pres-
ence of strong correlations. The stronger the correlations
between the system’s parameters, the easier it is to pre-
dict its behaviour. For example, if the constituents stay
close to each other, the knowledge of the position of one
element automatically gives some information about the
positions of the remaining ones. Moreover, if the veloci-
ties of all the elements are the same, the initial relation
between the positions will remain constant in time during
a free motion.
Finally, one can assume that the internal state of the
composite particle does not change (although later we
will drop this assumption). In this case one should aim
to separate the evolution of the centre of mass from the
other degrees of freedom. Then, one should freeze the
evolution of the other degrees of freedom such that only
the centre of mass evolves.
Before we proceed, let us briefly discuss the problem
of composite particles in classical physics. We consider
a system made up of two elementary particles. As we
noted above, the compositeness of this system depends
on correlations between the constituents. Since the com-
posite system must be localized in order to be called a
particle (according to our definition), the elementary par-
ticles need to stay close to each other and their velocities
need to be similar in order to keep the close distance be-
tween the positions. It is clear that for free evolution
in which the velocities are constant the attractive intra-
particle interaction is not necessary to keep the system
localized. We only need specific correlations. This is also
true in a case of non-free evolutions in which the compos-
ite system is subjected to external potentials that affect
the particles in the same way, i.e., that cause the same
change to their velocities. That way the spatial corre-
lations between the particle positions are conserved and
the initially localized composite particle stays localized in
the future. However, the attractive intra-particle inter-
a) b) c)
Figure 1. Stability of a classical composite system (schematic
representation). a) Two non-interacting particles with corre-
lated momenta stay close to each other after scattering from
a flat wall. The wall reflects both particles the same way, so
the momenta stay correlated. b) Two non-interacting parti-
cles with correlated momenta drift away from each other after
scattering from an irregular wall. Each particle is reflected at
a different angle so the correlation between momenta is dis-
turbed. c) Two interacting particles stay close to each other
after scattering from an irregular wall. Although each parti-
cle is reflected at a different angle, the attraction keeps them
together and guarantees that momenta stay correlated.
action is needed whenever the external potential affects
the particles in a different way. In this case the change
of velocities is different and if there is no additional force
keeping the constituents together, the composite parti-
cle falls apart. The above situations are schematically
depicted in Fig. 1.
III. QUANTUM PARTICLES
Unlike classical particles, quantum particles exhibit
the wave-particle duality. In case of a free evolution the
duality means that an initially localized quantum parti-
cle will start to behave like a wave and will disperse over
whole space. However, the measurement of its position
will bring back the particle to a localized state, although
in an indeterministic way. In other words, only a single
random detector will click.
Next, let us consider composite quantum particles. We
argued that in classical theory the compositeness of a bi-
partite system is related to the correlations between the
positions and between the velocities of both elementary
particles. However, in quantum theory one can either
know the position or the velocity of each particle, but not
both at the same time. This leads to the following prob-
lem: if at time t0 one places two quantum particles in the
same place, one perfectly correlates their positions, but
knows nothing about their velocities. Because of that at
3time t1 > t0 the particles will disperse and their position
states will get delocalized in space. The particles will
disperse independently, therefore at time t1 the knowl-
edge of the position of one particle says nothing about
the position of the other one. Moreover, it is likely that
at time t1 the particles will be far away from each other.
Therefore, according to our definition, the system cannot
be considered a composite particle.
It is of course possible to prepare two quantum par-
ticles in a state being a product of two Gaussian wave-
functions with the same average position and the same
average momentum. Such a system will mimic the clas-
sical composite particle from the previous section, but
it will not exhibit the wave-particle duality in the sense
described above. We are therefore looking for special
quantum states of two particles that evolve from a lo-
calized state to a delocalized one, but which assure that
the two particles stay close to each other, so that a sub-
sequent position measurement will find both particles in
one place. Therefore, such states would have to exhibit
some peculiar type of correlations.
Interestingly, although it is impossible to determine
the position and the velocity of each particle at the same
time, it is possible to know the correlations between their
positions and between their momenta (and as a result
between their velocities). This effect is known as entan-
glement [30]. Therefore, it is natural to speculate that
entanglement may play some role in the studies of com-
posite quantum particles. Indeed, in a number of works
[1, 7–29] it was argued that two elementary fermions, or
two elementary bosons, may behave like a single com-
posite boson if they are sufficiently entangled. In the
following sections we develop this idea and ask if the dy-
namics of such an entangled pair can be interpreted as
a behaviour of a single particle. We focus on composite
systems made of two entangled one-dimensional spin-less
particles.
IV. FREE EVOLUTION OF ENTANGLED
PARTICLES
IV.1. Double Gaussian state
We are going to consider Gaussian wave packets be-
cause of their simple mathematical description and in-
teresting physical properties. Nevertheless, the conclu-
sions drawn from this study will apply to a much more
general class of states. A standard single-particle Gaus-
sian packet centred around x = 0 with initial momen-
tum centred around p = 0 is given by ψ(x, t = 0) =
N exp(−x2/2σ2), where N is a normalisation factor and
σ/
√
2 is a standard deviation. For free evolution the
standard deviation changes in time as
∆x(t) =
1√
2
√
σ2 +
~2t2
m2σ2
, (1)
where m is the mass of the particle. For t = m~ σ
2 the
initial standard deviation increases by the factor of
√
2
and for t  m~ σ2 we can approximate ∆x(t) ≈ ~√2mσ t.
Therefore, the greater the initial variance, the slower the
wave packet spreads.
Next, we define the following double Gaussian wave
function of two one-dimensional particles
ψ(x1, x2, t = 0) = N e−
(x1−x2)2
4σ2 e−
(x1+x2)
2
4Σ2 , (2)
where this time σ/
√
2 and Σ/
√
2 correspond to standard
deviations of the relative position x1−x2√
2
and of the po-
sition of the centre of mass x1+x2√
2
, respectively. The en-
tanglement between the particles can be measured by the
purity of a single particle density matrix, which in this
case is given by [1]
P = Tr{ρ1(x1, x′1)2} = Tr{ρ2(x2, x′2)2} =
2σΣ
σ2 + Σ2
. (3)
The state is separable (P = 1) if and only if σ = Σ. In
any other case the state is entangled (P < 1). In the limit
of strong entanglement (P  1) either σ  Σ or σ  Σ.
The correlation properties of the double Gaussian wave
function have been already discussed in [1]. Here, we
study its dynamics.
IV.2. Free evolution
Consider an evolution of the state (2) generated by the
free particle Hamiltonian Hfree =
p21+p
2
2
2m . For simplicity
we assume that both particles have the same mass. Since
Hfree = H+ + H−, where H± =
(p1±p2)2
4m , each part of
(2) evolves independently like a standard single-partite
free Gaussian wave-packet. Therefore, the standard de-
viations of the centre of mass and of the relative position
evolve analogously to (1).
Note, that if σ = Σ the system is in a separable state
N e−x21/2σ2e−x22/2σ2 . In this case the particles evolve in-
dependently and the system does not fulfil our compos-
ite particle criteria. However, the situation is different in
the case of strong entanglement corresponding to Σ σ.
Since for long times the standard deviations of the centre
of mass and of the relative position scale as t/Σ and t/σ,
respectively, we see that while the centre of mass gets
delocalized, the distance between the particles does not
change much (see Fig. 2).
It is useful to define τ ≡ m~ σ2 as the lifetime of the
composite particle and δ = σ/
√
2 as its initial size. In-
tuitively, for t > τ the size of the composite particle is
larger than
√
2δ, which can be interpreted as a particle
decay. Therefore, before the composite particle decays
the centre of mass will spread over the distance ∆cm(τ),
which can be evaluated with the help of (1) and (3)
∆cm(τ) =
1√
2
√
Σ4 + σ4
Σ2
=
δ
P
√
4− 2P 2. (4)
4Figure 2. Example evolution of a double Gaussian wave
packet for a separable state (top) and an entangled one (bot-
tom). We assume natural units (~ = 1 and m = 1).
Since the purity P measures the entanglement of pure
states, we conclude that the value ∆cm(τ) is solely de-
termined by the initial size of the composite particle and
the entanglement of its constituents.
IV.3. Thermalization
Next, we consider the model of thermalization of a
Gaussian wave packet discussed in [31]. This time, each
particle has a momentum k1 and k2 so the initial wave-
function is given by
ψk1,k2(x1, x2, t = 0) = N e−
(x1−x2)2
4σ2
+i
(k1−k2)(x1−x2)
2
× e− (x1+x2)
2
4Σ2
+i
(k1+k2)(x1+x2)
2 . (5)
However, in a thermal state momenta of particles are ran-
dom and are described by some probability distribution
ρ(x1, x2, t) =
∫
dk1dk2µ(k1)ν(k2)|ψk1,k2(x1, x2, t)|2,
(6)
where µ(k1) and ν(k2) are the distribution of respective
momenta.
We assume that k1 and k2 are discrete and that they
are independent and identically distributed according to
Maxwell distribution
µ(k, T ) =
1
Z
e
− ~2k22kBT , (7)
where Z =
∑
k e
− ~2k22kBT , T is the temperature, and kB is
the Boltzmann constant. In Fig. 3 we present the effects
Figure 3. Thermalization of a double Gaussian wave packet
for various temperatures. We used natural units kB = 1 and
~ = 1.
of thermalization for different temperatures. We assumed
that each momentum can take value ±~npi5 , where n =
0, 1, . . . , 10. As expected, thermalization leads to a decay
of a composite particle.
Note, that the thermalization affects rather the rela-
tive position, than the position of the centre of mass. Let
∆T (k) be the thermal spread of the momentum. There-
fore, due to thermal fluctuations, after time t the particle
of mass m is spread over the distance ∆T (k)m t. In our case
∆T (k) ≤ 4~pi. On the other hand, as argued above, the
natural spreading of the centre of mass is approximated
as ≈ ~√
2mΣ
t. Therefore, the thermal effects would domi-
nate the spreading of the centre of mass if ~√
2Σ
 ∆T (k).
Since we consider wave packets for which Σ σ, it is
justified to approximate that in our case the thermaliza-
tion affects only the relative position. In this case, we can
use the result from [31] which implies that thermalization
affects the standard deviation of the relative position in
the following way
∆T (x1 − x2)(t) = 1√
2
√
σ2 +
(
~2
m2σ2
+
kBT
m
)
t2. (8)
Therefore, for large temperatures the time of the compos-
ite particle decay can be approximated as τT ≈
√
m
kBT
,
in which case the initial entanglement does not matter
anymore. The temperatures for which the thermal com-
ponent is smaller than the original one correspond to
~2
mkBσ2
> T . For example, for a Cooper-like pair of two
electrons that are one hundred nanometers from each
5other (10−7 m) we get T < 0.088K.
V. OSCILLATIONS OF ENTANGLED
PARTICLES
We observed that in certain conditions the free evolu-
tion of an entangled pair can be interpreted as the free
evolution of a single quantum particle. It is therefore
natural to speculate that entangled pairs will manifest
other types of single-particle quantum behaviour. In this
section we show that this speculation is only partially
true. While entangled particles stay together through-
out the evolution, natural measurements on such sys-
tems can only detect elementary oscillations of the con-
stituents. More precisely, measurements which are not
post-selective and which do not reveal the internal struc-
ture of the composite particle are not capable of detecting
composite oscillations.
A bipartite composite particle should exhibit a wave-
like behaviour with the corresponding wavelength equal
to the half of the single-particle wavelength. This is be-
cause the de Broglie wavelength of an object is inversely
proportional to momentum λ0 = h/p. Two particles,
each having momentum p, have a joint momentum of 2p,
therefore the collective de Broglie wavelength should be
equal to λ0/2. This phenomenon has practical applica-
tions and can be exploited in quantum metrology [32].
However, we show that the fractional wavelength could
be only observed in situations in which particles interact
or measurements are post-selective and address the in-
ternal structure of the composite particle. This will be
explained in more details in a moment.
V.1. Discrete double Gaussian state
Once again we consider evolutions of the double Gaus-
sian state, however this time, for the purpose of numer-
ical simulations, we assume that the space is finite and
discrete. Therefore, the state is given by
|ψ〉 = N
d∑
x1,x2=1
e
(x1+x2)
2
4σ2 e
(x1−x2)2
4Σ2 a†x1b
†
x2 |0〉, (9)
where a†x1 creates the first particle in position x1 and
b†x2 creates the second one in position x2. Moreover, we
assume periodic boundary conditions, i.e., xj + d ≡ xj
for j = 1, 2. The evolution will be generated by H =
Hfree + V , where
Hfree = −
d∑
x=1
(
a†x+1ax + a
†
xax+1 + b
†
x+1bx + b
†
xbx+1
)
(10)
is the free evolution Hamiltonian that generates hopping
between neighbouring lattice points. The second term V
corresponds to a potential that will change from case to
case.
V.2. Measurements
Before we proceed to study the dynamics, let us discuss
in more details the role of measurements in our scenario.
As we already stated, the constituents need to be close
to each other. Therefore, the composite particle cannot
produce two clicks at two spatially separated detectors.
However, this is not a precise statement, since we need
to clarify the meaning of close and spatially separated.
Note, that the definition of the double Gaussian state
implies that the two particles are not in the same place.
The standard deviation of their relative position is given
by δ = σ/
√
2, which we chose to interpret as the size
of the composite particle. Any single-partite treatment
of a fundamentally composite system is based on some
kind of ignorance. In our case, it is the ignorance of the
internal structure. More precisely, we focus on a centre
of mass and ignore the relative position, as long as the
distance between the constituents is not larger than some
critical value ∆ (∆ ≥ δ). This critical value leads to an
effective coarse graining of space.
In addition, the two particles in a state represented
by Eq. (9) are described by different creation operators.
However, from the observer point of view they should
not be distinguishable, since the ability to distinguish
them would automatically imply that the investigated
object has an internal structure and that the constituents
can be individually addressed. Therefore, the measured
observables should be symmetric under permutation of
particles and should take into account the coarse graining
of space.
As we noted before, we consider a discrete space with d
positions and with periodic boundary conditions. We set
d = m∆, where ∆ is the size of the coarse grained unit
cell and m is the number of such cells. We choose the
following operators to describe detectors in our scenarios
Dj =
(j+1)∆∑
x1,x2=j∆+1
a†x1ax1b
†
x2bx2 , (11)
where j = 0, . . . ,m−1 labels the coarse grained unit cells.
For a single particle of type a and a single particle of type
b the above operator has an eigenvalue 1, if both particles
are in the same coarse grained unit cell j∆+1 ≤ x1, x2 ≤
(j+1)∆, and an eigenvalue 0 otherwise. In simple words,
there are m detectors, each corresponding to a different
coarse grained cell, and at most one of them can click
– register an outcome 1. If the composite particle falls
apart, i.e., one particle is in one cell j∆ + 1 ≤ x1 ≤
(j+ 1)∆ and the other in some other cell j′∆ + 1 ≤ x2 ≤
(j′+1)∆ (j 6= j′), then none of the detectors click. Note,
that coarse graining leads to some imperfections, namely
it can happen that the two particles are closer than ∆,
but they are still in two different cells. For example,
x1 = ∆ − 1 whereas x2 = ∆ + 1 in which case the first
particle is in the cell corresponding to D0 and the second
one in the cell corresponding to D1. Still, the idea is
6BS1
BS2
Source
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D2
Figure 4. Schematic representation of Mach-Zehnder interfer-
ometer.
to take ∆ large enough to assure that such possibilities
occur with low probabilities.
Finally, note that we could choose a different detection
operator, like
D
(a)
j +D
(b)
j =
(j+1)∆∑
x1=j∆+1
a†x1ax1 +
(j+1)∆∑
x2=j∆+1
b†x2bx2 . (12)
Such operator would detect each particle separately
(without distinguishing which is which) and would be
able to say where the particles are after the composite
particle decayed. However, our goal is to study the ef-
fects of entanglement, whereas the average value of the
above operator does not give any information about the
correlations between the particles since
〈D(a)j +D(b)j 〉 = Tr{D(a)j ρa}+ Tr{D(b)j ρb}, (13)
where ρa and ρb are the reduced density matrices of par-
ticles a and b, respectively. Only the variance, or the
higher moments, of the above operator can reveal corre-
lations between the particles.
V.3. Mach-Zehnder-like setup
It was proposed in [2] that wave-like properties of com-
posite particles can be observed in Mach-Zehnder Inter-
ferometer (MZI) by detecting an interference pattern cor-
responding to a collective de Broglie wavelength. This
avenue of research was further explored by other research
groups [3–6]. It is also important to mention that col-
lective de Broglie wavelengths are a central subject of
quantum metrology [33] which exploits them to exceed
the classical limits in imaging and sensing. All of these
investigations are based on either interacting particles,
or specially prepared nonclassical states (like the NOON
states [33]) and measurement setups that take into ac-
count only some special intra-particle properties (internal
structure of composite particles in our language).
In a standard single-particle MZI experiment the par-
ticle goes through a setup presented in Fig. 4. After the
first beam splitter (BS1) the particle is in a superposition
of travelling along one of two paths. The length of one
path can be extended and as a result the particle travel-
ling on this path acquires an extra phase factor eiϕ. The
interference pattern at the outputs after the second beam
splitter (BS2) is detected by detectors D1 and D2. The
amplitude at D1 results from the superposition of ampli-
tudes of two events {r, t} and {t, r}, where {r, t} means
reflecting from BS1 and transmitting through BS2. The
amplitude at D2 results from the superposition of {r, r}
and {t, t}. If we assume 50/50 BS and use the conven-
tion that the reflection causes a phase shift of i, then the
resulting amplitude at detector D1 is
i
2 (1+e
iϕ), whereas
the one at D2 is
1
2 (1−eiϕ). We see that both amplitudes
are periodic functions of ϕ and the periods of oscillations
are 2pi.
Next, consider two particles entering the MZI together
through the same port. First, assume that these par-
ticles are independent and non-interacting. There are
four detection events (assuming no losses): D1 × D1,
D1 ×D2, D2 ×D1, and D2 ×D2. Here D1 ×D2 means
that the first particle is detected at D1 and the second
at D2. One can find events leading to the correspond-
ing detection events. For example, the events leading to
D1 × D1 are {r, t} × {r, t}, {r, t} × {t, r}, {t, r} × {r, t}
and {t, r}×{t, r}. Assuming 50/50 BS, the amplitude of
D1×D1 is − 14 (1 + 2eiϕ + ei2ϕ), of D1×D2 and D2×D1
is i4 (1 − ei2ϕ), and of D2 × D2 is 14 (1 − 2eiϕ + ei2ϕ).
We see, that the amplitudes of D1 × D2 and D2 × D1
have double oscillation periods equal to pi. However, in
order to detect them one needs to register clicks at two
different places, which does not meet our definition of
a particle. Moreover, to stress the lack of a composite
particle-like nature of events D1×D2 and D2×D1, note
that the above scenario can be considered in a spatially
separated setup in which each particle enters a different
MZI (similar to the one studied in [5]).
Finally, consider once more two particles in the MZI,
however this time we assume that the particles always go
together (either due to interaction or due to any other
mechanism). Therefore, events in which particles go on
different paths, like {r, t} × {t, r}, are not possible. As a
result, the amplitude of event D1×D1 is a superposition
of amplitudes of events {r, t} × {r, t} and {t, r} × {t, r},
which gives − 14 (1 + ei2ϕ). This amplitude has a period
of pi, therefore in this case it is possible to detect a col-
lective de Broglie wavelength in an event that meets our
composite particle definition, i.e., in an event in which
both particles are in the same place.
We see that the crucial effect responsible for the obser-
vation of the collective de Broglie wavelength is that all
particles making up a composite system stay together,
i.e., they collectively reflect or go through BS. In a sim-
ple two-mode BS this is not possible without the intra-
particle interaction, or some kind of post selection (ig-
noring events in which particles separated). However,
7in the previous section we showed that entangled non-
interacting particles can stay together while their centre
of mass gets delocalized. Therefore, it is natural to expect
that in generalized MZI experiments such systems will
produce interference patterns corresponding to collective
de Broglie wavelengths, obeying our composite particle
definition and without a need to examine the relative po-
sition of particles (the internal structure of the composite
particle). We investigate this hypothesis below.
The MZI experiment consists of five stages: (I) state
preparation, (II) splitting of a wave-packet into two re-
gions, (III) phase shift in the second region, (IV) recom-
bination of a wave-packet in a single region, (V) measure-
ment. We implement the MZI-like setup in our system
by dividing the space into four regions, i.e., ∆ = d/4. As
a result, we obtain four coarse grained cells j = 0, 1, 2, 3.
It may seem strange that we decided to use four cells,
instead of two (like in a standard MZI). However, if we
used two cells and prepared the wave packet in the centre
of one cell, then after the splitting the two wave packets
would lie on the boundaries of both cells (which leads to
the problems mentioned above). Therefore, we used four
cells, because after the splitting the left and the right-
going wave packets are at the centres of the neighbouring
cells.
(I) We prepare the double Gaussian state centred in
one of the cells, say j = 1 (the centre of this cell corre-
sponds to 3d/8)
|ψ〉 = N
d∑
x1,x2=1
e
(x1+x2−3d/4)2
4σ2 e
(x1−x2)2
4Σ2 a†x1b
†
x2 |0〉. (14)
Note, that the perfect Gaussian state is extended over
whole space from x = −∞ to x = +∞. Here, due to the
finiteness of space, the wave packet is only supported on
d positions. This is not a big problem, since we demand
that almost all packet is initially localized in one cell.
(II) Next, we evolve the system for time T/2 according
to the unitary operator U = e−iHfreeT/2. The reason for
introducing T/2 will become clear in a moment. We aim
to realize a 50/50 splitting to neighbouring cells j = 0
and j = 2, however this cannot be done with the perfect
efficiency. This is because the perfect 50/50 splitting
should be a periodic operation. The spectrum of Hfree
is
E(k1, k2) = −2 cos
(
2pi
d
k1
)
− 2 cos
(
2pi
d
k2
)
, (15)
where k1, k2 = 0, 1, . . . , d − 1 correspond to the mo-
menta of the first and the second particle. The ra-
tios of the above eigenvalues are in general irrational,
therefore the corresponding unitary operator e−iHfreet
is quasi-periodic. Hence, we look for T/2 such that
e−iHfree2T ≈ 1 . More precisely, due to the fact that
the evolution takes place in the finite space with peri-
odic boundary conditions, the initial wave packet should
spread and after some time come back to the initial po-
sition. This recurrence need not be perfect, however we
Figure 5. Two-particle probability density plots showing the
evolution in the MZI-like setup for ϕ = 0. The first row
corresponds to entangled initial conditions, the second one to
separable initial conditions, and the third one to the evolution
with an interaction (γ = −10) between the particles. T = 11
for the first two cases and T = 50 for the last one.
choose the time of the first recurrence as 2T . In addi-
tion, due to periodic boundary conditions, at time T the
wave-packet should localize in the opposite cell (j = 3).
Therefore, at time T/2 the wave packet should be be-
tween j = 1 and j = 3, i.e., in a superposition of being
in cells j = 2 and j = 0 (see Fig. 5, first row).
(III) After splitting the wave-packet to cells j = 0 and
j = 2, we apply the phase shift in the cell j = 2 generated
by the following potential
V =
3d/4∑
x1,x2=d/2+1
(a†x1ax1 + b
†
x2bx2). (16)
The corresponding unitary operator is of the form Uϕ =
eiV ϕ, where −ϕ = t is the time during which we apply
the potential.
(IV) We apply once again the free evolution operator
U = e−iHfreeT/2. Because such evolution generated split-
ting to neighbouring cells j = 0 and j = 2, now it must
generate splitting to cells j = 1 and j = 3. This is be-
cause of translational symmetry and periodic boundary
conditions. (V) Finally, we measure the operator D3.
The dynamics of the above system was simulated nu-
merically for d = 40. We primarily focused on two situ-
ations – entangled (Σ = 0.01 and σ = 2) and separable
(Σ = 0.01 and σ = 0.01) initial conditions. For these
two cases T = 11. In addition, to complement our pre-
8π 2 π
φ
0.380
0.385
0.390
0.395
<D3>
Δ=10
π 2 π
φ
0.176
0.178
0.180
0.182
<D3>
Δ=4
π 2 π
φ
0.005
0.010
0.015
0.020
0.025
0.030
<D3>
Δ=1, x1=35, x2=36
π 2 π
φ
0.260
0.265
0.270
0.275
0.280
0.285
0.290
<D3>
Δ=10
π 2 π
φ
0.12
0.13
0.14
0.15
<D3>
Δ=4
π 2 π
φ
0.002
0.004
0.006
0.008
0.010
<D3>
Δ=1, x1=35, x2=36
π 2 π
φ
0.450
0.455
0.460
0.465
0.470
0.475
<D3>
Δ=10
π 2 π
φ
0.156
0.158
0.160
0.162
0.164
0.166
0.168
<D3>
Δ=4
π 2 π
φ
0.0005
0.0010
0.0015
<D3>
Δ=1, x1=35, x2=36
Figure 6. Average values 〈D3〉 as functions of ϕ. The first row
corresponds to entangled initial conditions, the second one to
separable initial conditions, and the third one to the evolution
with an interaction (γ = −10) between the particles. The
graphs in each row represent different coarse graining of space
which corresponds to different resolutions of the detector D3.
The coarse graining effect is especially important in the first
two cases with no interaction.
sentation, we also considered a dynamics of interacting
particles (with the initial state being the same as in the
separable case). This time, the Hamiltonian Hfree was
supplemented with the on site interaction term of the
form
Hint = γ
d∑
x=1
a†xaxb
†
xbx, (17)
where γ is the interaction strength (γ > 0 repulsion and
γ < 0 attraction). We chose γ = −10 for which T = 50.
The evolution of the corresponding wave-packet for ϕ = 0
is presented in Fig. 5.
The interference pattern produced at the detector D3,
i.e., the value of 〈D3〉 as a function of ϕ, is presented in
Fig. 6. We considered three different detection strategies
to show how the ability to see the internal structure of the
composite particle affects the interference pattern. In the
first case we choose to observe the whole cell (∆ = 10),
which means that the detector clicks if both particles are
in the coarse grained cell j = 3 (31 ≤ x1, x2 ≤ 40). For
the second case we choose ∆ = 4 for which the detector
clicks if both particles are in the region 34 ≤ x1, x2 ≤
37. Finally, for the third case we choose ∆ = 1 with
slightly shifted positions, i.e., the detector clicks if the
first particle is at position x1 = 35 and the second at
position x2 = 36.
For ∆ = 10 only the interaction produces a doubled
interference pattern, i.e., a pattern with a half-period.
For ∆ = 4 the situation changes and one starts to ob-
serve some doubling in case of entangled initial condi-
tions. This is because the detection is limited to a re-
gion whose size is comparable to the size of the com-
posite particle. Therefore, the detector starts to ob-
serve the internal structure of the composite particle.
Finally, for ∆ = 1 we see doubling in all three cases,
which might seem surprising for separable initial con-
ditions. However, note that in case of separable states
〈a†x1ax1b†x2bx2〉 = 〈a†x1ax1〉〈b†x2bx2〉. In particular, if the
probability that the first particle is at x1 = 35 is a pe-
riodic function with the period 2pi and the probability
that the second one is at x2 = 36 is another periodic
function with period 2pi, it can happen that their prod-
uct is a periodic function with period pi. Such a possibil-
ity was already discussed above in case of the standard
MZI. Therefore, the doubling in this case is due to a spe-
cific measurement, rather than the entanglement, and
one cannot say that it is a result of an interference of a
composite particle with itself.
To conclude, we see that the only possibility to ob-
serve the de Broglie wavelength of a composite particle,
without analysing its internal structure, was when the
particles were interacting. The doubling of the interfer-
ence pattern can be observed in non-interacting systems
once we start to analyse the relations between the two el-
ementary constituents, however such a phenomenon can-
not be called a single-particle one. We will come back
to this issue and we will show that this is a generic fea-
ture that does not depend on the form of an entangled
wave-packet.
V.4. Bloch oscillations
Next, we are going to study another effect that is
known to occur in systems in which particles move on
a lattice. We set H = Hfree + V , where
V = η
d∑
x=1
x
(
a†xax + b
†
xbx
)
(18)
is a potential which imitates constant force (due to con-
stant electric field, etc.). The parameter η determines
the magnitude of the force.
The above Hamiltonian generates an interesting evo-
lution. Because of discreteness of space the momentum
is confined to the first Brillouin zone ~k ∈ [−~pia , ~pia ),
where a is the lattice constant. We set a = 1, therefore
in our case k ∈ [−pi, pi). Now, let us study the action of
the unitary operator U = e−itη
∑
x xa
†
xax on single-particle
momentum eigenstates |k〉. Since eixδ|k〉 = |k+δ〉, there-
fore U |k〉 = |k − tη〉. However, because momentum is in
the first Brillouin zone, we get k − tη ≡ k − tη + m2pi.
This has important implications. We observe that parti-
cle starts to oscillate. It accelerates in one direction and,
after reaching the border of the Brillouin zone, it sud-
denly changes the direction of its movement. The force
causing acceleration is still acting, therefore the parti-
cle, which moves in the other direction, slows down and
stops. Finally, it starts to accelerate in the original di-
rection once more. This periodic oscillatory motion is
9Figure 7. Time evolution of the particle density plots 〈a†xax〉+
〈b†xbx〉 for η = 0.4, which gives TBO ≈ 15.7. Left: non-
interacting particles in the entangled state (9) with σ = 2,
Σ = 0.01 and initially centred around x = 20. Center: non-
interacting particles in the separable state (9) with σ = 0.01,
Σ = 0.01 and initially centred around x = 20. Right: interact-
ing particles with γ = −2.5 and initial state a†20b†20|0〉. Bloch
oscillations with a fractional period are only visible when in-
teraction is turned on.
known as Bloch oscillations. The period of the oscilla-
tions is TBO =
2pi
η .
It is known that in systems of interacting particles it
is possible to observe Bloch oscillations with fractional
periods 2piNη , where N is the number of particles [34–39].
This is a composite effect analogous to the observation
of the collective de Broglie wavelength in the MZI. How-
ever, it is not clear what kind of composite effects per-
sist in Bloch oscillations if the constituent particles do
not interact but are entangled. Although Bloch oscilla-
tions of multiple entangled non-interacting photons were
considered before [40, 41], the authors of these works fo-
cused on relative position between the photons, which
in our case corresponds to the internal structure of the
composite particle. They found, that one can observe
periodic transitions between bunching and antibunching
with a period being a fraction of TBO. Here, we are go-
ing to study numerically the evolution generated by the
above Hamiltonian on a state (9) and are going to use
measurements (11) to see if it is possible to observe any
composite effects without studying the internal structure
of the system.
As in the MZI case, we choose d = 40 and ∆ = 10. The
space is divided into four coarse grained cells j = 0, 1, 2, 3
corresponding to detection operators (11), but this time
the respective cell centres are x = 0, 10, 20, 30. Moreover,
we choose the magnitude of the external force to be η =
0.4, which corresponds to TBO ≈ 15.7. We prepare the
initial wave packet (9) centred around x = 20 (cell j =
2). As before, we consider three cases: entangled initial
conditions (Σ = 0.01, σ = 2), separable initial conditions
(Σ = 0.01, σ = 0.01), and separable initial conditions
with attraction between the particles (γ = −2.5).
In Fig. 7 we plot the time evolution of the particle den-
sity 〈a†xax + b†xbx〉. Bloch oscillations are clearly visible,
however the oscillations with a fractional period occur
only when particles interact. The only difference between
separable and entangled initial conditions is the interfer-
ence pattern inside the oscillating envelope, which can be
attributed to the fact that for separable state each par-
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Figure 8. Time evolution of the average value 〈D2〉. The
first row corresponds to entangled initial conditions, the sec-
ond one to separable initial conditions, and the third one to
the evolution with an interaction (γ = −2.5) between the
particles. The graphs in each row represent different coarse
graining of space which corresponds to different resolutions of
the detector D2. The oscillations with a fractional period can
be observed only when interaction is turned on, provided the
observed region is smaller than the amplitude of oscillations
(amplitude is larger than the resolution of the detector). It is
possible to observe more complex oscillations if one can detect
exact positions of both particles (the third collumn).
ticle is in a coherent superposition of momentum states,
whereas for entangled state each particle is in a mixture
of such states.
In Fig. 8 we show time evolution of average values
〈D2〉 and how they are affected by the change of ∆.
Here, we see basically no difference between the entan-
gled and the separable initial conditions (the first and
the second row). For these two cases we see Bloch oscil-
lations with a period TBO, as long as exact positions of
both particles cannot be determined. One can observe
some ∆-dependence in the width of peaks, because for
large ∆ the system needs more time do exit the region
j = 2. However, one can observe more complex oscilla-
tions if the exact positions of both particles are known
(we considered positions x1 = x2 = 25). Interestingly,
the oscillations with a fractional period are visible if the
particles interact and only for the values of ∆ which are
smaller than the amplitude of oscillations (here ∆ = 4).
The amplitude of the oscillations with a fractional pe-
riod is smaller than that of standard ones (see Fig. 7)
and the oscillations occur inside the coarse grained cell
of the width ∆ = 10.
To conclude, we see that, as long as the internal struc-
ture of the composite system is not addressed, collective
effects in Bloch oscillations require interaction between
the constituents. This observation matches the one from
the previous MZI example. We discuss this problem in
more details in the next section.
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VI. DISCUSSION
We showed that the entangled states (2) and (9) of
two non-interacting particles can exhibit some compos-
ite features. However, in general the interaction is neces-
sary to manifest the true compositeness. Here we discuss
the above results and provide an explanation of why the
fully composite behaviour cannot be manifested in non-
interacting systems.
VI.1. No-signalling
There is a simple rule, which is a variant of the no-
signalling condition, that allows us to determine when
an interaction is necessary to exhibit a composite be-
haviour. We start by noting that in case of non-
interacting particles the evolution of the system can be
written as a product of evolutions of its subsystems
U = e−i(Ha⊗1 +1⊗Hb)t = e−iHat ⊗ e−iHbt = Ua ⊗ Ub,
where Ha and Hb are the Hamiltonians of particle a
and b, respectively. Even if the two particles are en-
tangled, the individual evolution of each particle does
not depend on the presence of the other particle, i.e.,
ρa(t) = Uaρa(0)U
†
a , where ρa(0) = trb{ρab(0)} and ρab(0)
is the initial state of both particles (similar for particle b).
Therefore, by looking at an individual particle, say par-
ticle a, one cannot say whether the particle b is present
or not. This is a form on no-signalling, since any ability
to detect the presence of particle b would lead to com-
munication from b to a and, as far as we know, such
communication is not possible if there is no interaction.
Let us discuss the above in the context of two sce-
narios that we considered in the previous section. First,
we focus on the MZI and ask what would happen if an
entangled pair was capable of producing an interference
pattern corresponding to the collective de Broglie wave-
length. Moreover, we assume that this would be possi-
ble under our assumption that both constituents stay to-
gether. In this case the probability at the detector would
be given by 12 (1+cos 2ϕ). Next, imagine that due to some
reason we are only able to detect the particle a. The par-
ticle b travels together with a, but the detector does not
register the presence of particle b. Nevertheless, the de-
tector still reveals the interference pattern 12 (1 + cos 2ϕ).
However, imagine that just before the entry to the MZI
somebody removed the particle b. Now, there is only a
single particle in the MZI, therefore the interference pat-
tern needs to correspond to a single-partite de Broglie
wavelength. The probability at the detector becomes
1
2 (1 + cosϕ). In particular, let us assume that ϕ is fixed
and is equal to pi. In this case we would observe two fun-
damentally different situations, depending on whether b
is in the MZI, or not. If b was present, then the particle
a would be registered at the detector with probability 1,
whereas if b was absent then the particle a would not
be registered at this detector. This is a direct form of
signalling, which is impossible as long as a and b do not
interact.
Similar signalling would occur in Bloch oscillations if
oscillations with fractional periods were possible with-
out interaction. If we prepared the system at the origin
and observed that the particle a returned to it after time
TBO/2, we would know that b was around. However, if
a returned to the origin after time TBO, then we would
know that b was not a part of the system. Therefore,
by choosing whether to insert b or not, one would be
able to send signals to a, which is not possible without
interaction.
Therefore, we conclude that in any phenomena involv-
ing composite particles interaction is necessary whenever
the phenomenon allows in principle for some form of sig-
nalling from one constituent to the other. Finally, we
remark that such interaction can be simulated by post-
selective measurements, i.e., by choosing to observe only
certain outcomes.
VI.2. Interaction vs Entanglement
Next, let us provide another argument for the need of
interaction and let us discuss the role of entanglement in
case the interaction is not present. We are going to show
that entanglement is a kind of resource that is needed to
sustain the composite behaviour.
In our previous work [29], we argued that the evolu-
tion of a composite quantum particle from a localized
state to a delocalized one requires production of entan-
glement. More precisely, consider a transformation of
the form c†x0 →
∑
x αxc
†
x, where c
†
x is a particle creation
operator at position x and
∑
x |αx|2 = 1. If c†x = a†xb†x
creates both particles a and b at position x, then the
above transformation creates entanglement. This is be-
cause the initial state c†x0 |0〉 is a product of two pure
single-particle states a†x0b
†
x0 |0〉. On the other hand, the
final state is entangled, since individual particles are in
a mixed state, e.g., ρa =
∑
x |αx|2a†x|0〉〈0|ax. Therefore,
the above transformation is not possible without some
interaction, which is required to generate entanglement.
The above observation might seem contradictory to
the results obtained in the previous sections, where
we showed that it is possible that two non-interacting
particles can get delocalized and remain close to each
other. However, the actual transformation behind this
behaviour was of the form c†x0 →
∑
x αxd
†
x, where
c†x0 =
∑
y
βya
†
x0,yb
†
x0,y, d
†
x =
∑
y
γx,ya
†
x,yb
†
x,y (19)
are operators that already imply some entanglement be-
tween a and b. During such transformation the internal
state of the composite particle, denoted by the index y,
changes. The idea is that there are two types of entan-
glement in the system, the internal and the spatial one.
While the entanglement encoded in the internal structure
decreases, the spatial entanglement increases, so that the
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total entanglement stays the same. This means that the
initial state of the component a given by
ρa(0) =
∑
y
|βy|2a†x0,y|0〉〈0|ax0,y (20)
needs to have the same von Neumann entropy S(ρ) =
tr{ρ log ρ} as the corresponding final state
ρa(t) =
∑
x,y
|αx|2|γx,y|2a†x,y|0〉〈0|ax,y. (21)
The above arguments can be interpreted as follows.
The internal entanglement stored inside the composite
particle is consumed in order to allow the system to
get delocalized without falling apart, i.e., allow to pre-
serve the close distance between the two components.
The most critical transformation, after which decay is
inevitable, is when the final operators are unentangled,
i.e., d†x = a
†
xb
†
x. In this case the whole internal entangle-
ment is transformed into spatial entanglement. This in-
terpretation is in accordance with the formula (4), since it
explains why the more initial entanglement between the
particles, the farther the composite particle can spread.
VI.3. Composite momentum on a lattice
Here we discuss yet another important aspect of the
interaction that is particularly important for Bloch os-
cillations with fractional periods. For a particle moving
on a lattice, with a lattice constant set to one, we get
k ∈ [−pi, pi], i.e., momentum is confined to the first Bril-
louin zone. This leads to the Bloch theorem, which im-
plies ψ(k) ≡ ψ(k + n2pi), i.e., the state does not change
if the momentum is shifted by a multiple of ~2pi.
Now, consider two particles moving on a lattice. Their
corresponding momenta, ~k1 and ~k2, are both confined
to the first Brillouin zone. The centre of mass of both
particles is described by K = k1 + k2. If the centre of
mass were to describe a single composite particle, then
K should be also confined to the first Brillouin zone. Let
us consider a simple example. If k1 = k2 = pi, then
K = 2pi. On the other hand, if k1 = k2 = 0, then
K = 0. If K were in the first Brillouin zone, then the
above cases would be indistinguishable and would result
in the same state. However, in general these two cases
lead to two different states. Therefore, we need to find
a mechanism which makes these states indistinguishable.
We are going to show that such a mechanism is provided
by the interaction.
We consider a finite one-dimensional lattice with d sites
(without loosing generality we assume d is even), lattice
constant set to one, and periodic boundary conditions.
First, we represent the interaction Hamiltonian (17) in
the momentum basis
a†x =
1√
d
d∑
k=1
eikxa˜†k, (22)
where a˜†k creates a particle with momentum ~k. The
momentum has d different values and k = −pi+ 2pid ,−pi+
4pi
d ,−pi + 6pid , . . . , pi. This leads to
Hint =
γ
d
∑
k,l,q
a˜†k+q b˜
†
l−qa˜k b˜l. (23)
The above operator acts on two particles with momenta
~k and ~l, respectively, and creates a superposition
|ψK=k+l〉 = 1√
d
∑
q
a˜†k+q b˜
†
l−q|0〉. (24)
Therefore, it causes the exchange of momentum between
the particles, but the total momentum is conserved.
Note, that |ψK=k+l〉 are degenerate eigenstates of Hint
with the eigenvalue γ. These eigenstates have a well de-
fined momentum of the centre of mass.
Now, consider the action of Hint on the states from
the above example. We get
Hinta˜
†
pi b˜
†
pi|0〉 =
γ
d
(
a˜†pi b˜
†
pi + a˜
†
pi+ 2pid
b˜†
pi− 2pid
+ . . .
)
|0〉,(25)
Hinta˜
†
0b˜
†
0|0〉 =
γ
d
(
a˜†0b˜
†
0 + a˜
†
2pi
d
b˜†− 2pid
+ . . .
)
|0〉. (26)
However, a˜†
pi+n 2pid
≡ a˜†−pi+n 2pid because the momentum of
individual particles is confined to the first Brillouin zone.
Therefore a˜†pi+pi b˜
†
pi−pi ≡ a˜†0b˜†0 and a˜†0+pi b˜†0−pi ≡ a˜†pi b˜†pi, i.e.,
the exchange of momentum between the particles can
swap the state a˜†pi b˜
†
pi|0〉 into a˜†0b˜†0|0〉 and vice versa. More-
over,
Hinta˜
†
pi b˜
†
pi|0〉 = Hinta˜†0b˜†0|0〉 =
γ√
d
|ψK=2pi〉 = γ√
d
|ψK=0〉.
(27)
As a result, in case of interaction momentum of the centre
of mass is also confined to the first Brillouin zone, which
is a prerequisite for a composite particle behaviour on a
lattice.
Finally, let us consider the action of the operator
e−itV , where V is given by (18), on |ψK=k+l〉. We
get e−itV |ψK=k+l〉 = |ψK=k+l−2tη〉, i.e., the value K is
shifted by −2ηt. However, since in case of interaction K
is confined to the first Brillouin zone, we observe Bloch
oscillations with a fractional period TBO =
pi
η .
VI.4. Final remarks
Let us summarize the general features of compos-
ite particle-like dynamics of non-interacting entangled
pairs. Firstly, we are not able to observe these types
of dynamics for which the form of the reduced den-
sity matrix of one subsystem depends on the presence
of the other subsystem. In addition, in order to ful-
fil the requirement that the constituents are close to
each other, we allow evolutions which only minimally
affect the distance between the two particles. This,
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however, can be achieved by a proper state prepara-
tion, like (2) or (9), where the relative distance is de-
scribed by a Gaussian state with an acceptably large
variance (corresponding to the resolution of the measure-
ment apparatus). For example, one can consider states
of the form ψ(x1, x2) = ϕ(x1 + x2)e
− (x1−x2)2
4σ2 , where
ϕ(x1 +x2) is an arbitrary wave-function. In this case, for
times t < m~ σ
2, the time evolution can be approximated
as ψ(x1, x2, t) ≈ ϕ(x1 + x2, t)e−
(x1−x2)2
4σ2 . This implies
that the wave-function is approximately non-vanishing
for x2 ∈ (x1−σ, x1 +σ). If the precision of the detectors
is of the order σ, or worse, then effectively x2 ≈ x1 and
the system is described by a position of a single particle.
But, because the presence of the other particle is unde-
tectable, the above implies that the composite system
behaves as a single elementary particle, not as a com-
posite particle. This was confirmed by the MZI and the
Bloch oscillation numerical simulations.
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